Abstract. We define a finitely generated Q-algebra E with a module structure over the universal enveloping algebra of a Lie algebra. Identities of Euler numbers are investigated using the algebraic structures of E.
Introduction
We would like to introduce an algebraic method to study classical numbers. Such a method has been applied to Bernoulli numbers [3] . In this paper, we extend the idea to Euler numbers. Let e T := 
We are interested in identities involving classical numbers. One of the most famous is perhaps Euler's identity for the sum of products of two Bernoulli numbers:
where n ≥ 2. Euler's identity has been generalized to sums of products of more Bernoulli numbers [7, 6, 8, 2] . For instance, i+j+k=n 2n 2i, 2j, 2k B 2i B 2j B 2k = (n + 1)(2n + 1)B 2n + 1 2 n(2n − 1)B 2n−2 , where n ≥ 3. An interpretation of these formulae in terms of complete sums is given in [4] . Euler's identity has other variations such as
See [1] for more similar identities. The new viewpoint of [3] on the above identities is that they all come from algebraic relations of elements in a commutative ring with a module structure over the Weyl algebra Q T, d/dT . We remark that the Weyl algebra is a skew polynomial ring. For the definitions and basic properties of Weyl algebras and skew polynomial rings, the reader is referred to [5, Chapter 1] . In this paper, we define a subring E of Q[[T ]] containing E with a module structure over another skew polynomial ring, which is the universal enveloping algebra of a two-dimensional Lie algebra. See [5, Chapter 1] for definitions and constructions of universal enveloping algebras and Lie algebras. Via algebraic relations of elements in E, we reproduce formulae in [9] for the sum of products of 2m + 1 Euler numbers such as i+j+k=n 2n 2i, 2j, 2k
See [9] also for explicit formulae of the sum of products of five, seven and nine Euler numbers. Analyzing the algebraic structures of E, we show that such a type of formula does not exist for the sum of products of 2m Euler numbers. Our method gives numerous identities of Euler numbers; some are elegant and some can be complicated. Among them, we have
As in [3] for Bernoulli polynomials, one may extend the algebraic structures considered in this paper to include Euler polynomials. It is also plausible that there exist algebraic structures accommodating two or more classical numbers (for instance Bernoulli numbers and Euler numbers) simultaneously. We leave the possibility to the reader. To understand the ring structure of E, we consider the Q-algebra homomorphism
Proof. It suffices to prove that the kernel of π is generated by
. Since e T is transcendental over Q, to prove the proposition, it suffices to prove that the kernel of the Q[X]-algebra homomorphismπ : 
only f (X)X consists of positive powers of X. Hence f (X) = 0. Now we work on the field Q((X)) of Laurent series in the variable X: The constant term on the left-hand side of
is the constant term of h(Y ). Hence h(0) = 0. Back to the field Q((X −1 )): The constant term on the left-hand side of
Definition 2.3. Let U be the ring of endomorphisms of Q[[T ]
] generated by the multiplication map x := e T and the derivation δ := d/dT . We denote the action of
Here we use the notation x both for an element in E and an element in U without confusion. Hence a polynomial in x may stand for an element in E or an element in U depending on the context. The relations
in E imply that E is stable under the action of U . In other words, E is a U -module. As a special case of the Leibniz rule, we have the relation
Thus every element in U can be written uniquely as a Q-linear combination of elements of the form x m δ n . Using relation (2.1), one shows also that every element in U can be written uniquely as a Q-linear combination of elements of the form δ n x m . Using relation (2.2) for n = 1, one sees that U is isomorphic to the skew polynomial ring
Note that U is also isomorphic to the universal enveloping algebra of the two-dimensional Lie algebra g with basis {δ, x} and Lie bracket [δ, x] = x. See [5, 1.7.6] .
The ideal Ey of E is also a U -submodule of E. To understand algebraic meanings of identities of Euler numbers, we need to find generators and relations of Ey as a U -module. We begin with a comparison between the E-ideal and the U -submodule generated by a power of y. Indeed the above relation is a special case of
3) can be proved by induction on n: Assume that it holds for an n. Applying the derivation xδ on (2.3), we have
Using the relation δx n−m+1 = x n−m+1 (δ + n − m + 1), we have
The E-ideal Ann E (y) := {f ∈ E : yf = 0} consists of only 0. However the left U -ideal Ann U (y) := {f ∈ U : f · y = 0}
consists of non-trivial elements. To compute Ann U (y), we need to study the set {δ i · y m } i≥0 for m = 1 and 2.
Lemma 2.5. Given m ≥ 1, the elements of the set {δ
Since δ k can be written uniquely as a Q-linear combination of 1 and the elements of the form
for some a j ∈ Q. If relation (2.4) is not trivial, say a n = 0, then neither is (2.5) since a n = a n . Multiplying (2.5) by x n and using (2.3), we obtain
If (2.4) is not trivial, the relation
contradicts the fact that 1/(1 + X 2 ) is transcendental over Q.
Proof. Let φ m1 := m(1 − X) and
Hence
Recall that an element in U can be written as
, it suffices to consider an element f (x)x + g(δ)δx + h(δ) ∈ Ann U (y) for some one-variable polynomials f , g and h over Q. We need to prove that f (x)x + g(δ)δx + h(δ) = 0. By abusing the notation, we denote bỹ
also the Q-algebra homomorphism sending x and y to X and 2X/(X 2 + 1), respectively. The action of f (x)x + g(δ)δx + h(δ) on y gives
So we can write
By Lemma 2.6, the power series (1 + X −2 )π(g(δ) · y 2 ) has non-trivial coefficients only at even and non-zero powers of X −1 , and the power series (1 + X −2 )π(h(δ) · y) has non-trivial coefficients only at odd powers of X −1 . Therefore
as well as
Combining Proposition 2.4 and Proposition 2.7, the U -module structure of Ey is well-understood: Theorem 2.8. Ey U/U (δ − 1)(x 2 + 1).
Identities
Equating coefficients of T n from a relation between x and y, we obtain an identity of Euler numbers. By Proposition 2.2, there is essentially only one identity of Euler numbers coming exclusively from the ring structure of E:
With the U -module structure, there are other interesting algebraic relations.
Proof. We begin with
which can also be written as
Using relation (3.1) repeatedly for odd powers of y, we obtain
We recover the identities obtained in [9] from relation (3.2). Below are formulae for the sum of products of three and five Euler numbers.
The following proposition explains why there is no analog to Identity 3.3 and Identity 3.4 for the sum of products of 2n Euler numbers.
Proof. We use relation (2.3) with m = 1:
If y 2n ∈ Q[δ] · y, combining (3.3) and Lemma 2.6 with m = 1, there would exist η ∈ Q(X) such that x 2n−1 = η(xy). This is impossible, since the right-hand side of the equation
Actions by x and δ together give formulae for the sum of products of 2n Euler numbers.
Proof. The proposition for the case n = 1 is shown in (2.6). For n > 1, applying relation (3.1) repeatedly for even powers of y, we obtain
Below are identities obtained from relation (2.6) and relation (3.4) with n = 2. 
Induction on n shows that δ 2n · y = yf n (y 2 ). Let g 1 := 1 and, for n > 1, let
It is straightforward to compute that (δ 2n−1 · y)(δ 2m−1 · y) = (y 2 − y 4 )g n (y 2 )g m (y 2 ). 
